Optimum vibration control of flexible beams by piezo-electric actuators by Poh, S. & Baz, A.
a 
a 
OPTIMUM VIBRATION CONTROL OF F L E X I B L E  BEAMS 
BY PIEZO-ELECTRIC ACTUATORS 
BY 
A.BAZ and S . P O H  
MECHANICAL ENGINEERING DEPARTMENT 
THE CATHOLIC U N I V E R S I T Y  OF AMERICA 
WASHINGTON, D . C .  20064 
NASA CONTRACT 830429-D 
MARCH 1987 
https://ntrs.nasa.gov/search.jsp?R=19870009447 2020-03-20T11:33:31+00:00Z
e 
ACKNOWLEDGEMENTS 
a 
0 
a 
S p e c i a l  t h a n k s  a re  d u e  t o  t h e  S p a c e  S c i e n c e  a n d  
T e c h n o l o g y  b r a n c h  a t  NASA G o d d a r d  S p a c e  F l i g h t  C e n t e r  f o r  
p r o v i d i n g  t h e  f u n d s  n e c e s s a r y  t o  c o n d u c t  t h i s  s t u d y  u n d e r  
c o n t r a c t  No.30429-D. 
T h a n k s  a r e  p a r t i c u l a r l y  d u e  t o  Mr. P h i l  S t u d e r  f o r  h i s  
i n v a l u a b l e  i n p u t s  a n d  f o r  h i s  e n g i n e e r i n g  i n s i g h t  t h a t  h a v e  
b e e n  i n s t r u m e n t a l  i n  t h e  i n i t i a t i o n  a n d  i m p l e m e n t a t i o n  of 
t h i s  e f f o r t .  
S p e c i a l  t h a n k s  a r e  a l s o  d u e  t o  Dr. J o s e p h  F e d o r  a n d  Mr. 
E r i c  O s b o r n e  f o r  t h e i r  i n t e r e s t  i n  t h e  I n d e p e n d e n t  Moda l  
S p a c e  C o n t r o l  Method a n d  f o r  t h e i r  c o n t i n u o u s  t h o u g h t  
s t i m u l a t i n g  d i s c u s s i o n s  and  i n v a l u a b l e  s u g g e s t i o n s  that h a v e  
c o n t r i b u t e d  c o n s i d e r a b l y  t o  t h i s  s t u d y .  
ABSTRACT 
0 
e 
e 
a 
T h i s  s t u d y  d e a l s  w i t h  t h e  u t i l i z a t i o n  of 
p i e z o - e l e c t r i c  a c t u a t o r s  i n  c o n t r o l l i n g  t h e  s t r u c t u r a l  
v i b r a t i o n s  of  f l e x i b l e  beams. 
A M o d i f i e d  I n d e p e n d e n t  Modal  S p a c e  C o n t r o l  (MIMSC) 
m e t h o d  i s  d e v i s e d  t o  e n a b l e  t h e  s e l e c t i o n  of  t h e  o p t i m a l  
l o c a t i o n ,  c o n t r o l  g a i n s  a n d  e x c i t a t i o n  v o l t a g e  of  t h e  
p i e z o - e l e c t r i c  a c t u a t o r s  i n  a way t h a t  wou ld  m i n i m i z e  t h e  
a m p l i t u d e s  of v i b r a t i o n s  of b e a m s  t o  w h i c h  t h e s e  a c t u a t o r s  
a r e  b o n d e d ,  a s  w e l l  a s  t h e  i n p u t  c o n t r o l  e n e r g y  n e c e s s a r y  t o  
s u p p r e s s  t h e s e  v i b r a t i o n s .  
T h e  d e v e l o p e d  method a c c o u n t s  f o r  t h e  e f f e c t s  t h a t  
t h e  p i e z o - e l e c t r i c  a c t u a t o r s  h a v e  on c h a n g i n g  t h e  e l a s t i c  a n d  
i n e r t i a l  p r o p e r t i e s  o f  t h e  f l e x i b l e  beams.  
N u m e r i c a l  e x a m p l e s  a r e  p r e s e n t e d  t o  i l l u s t r a t e  t h e  
a p p l i c a t i o n  o f  t h e  d e v e l o p e d  MIMSC method i n  m i n i m i z i n g  t h e  
s t r u c t u r a l  v i b r a t i o n s  of beams  of d i f f e r e n t  m a t e r i a l s  when 
s u b j e c t e d  t o  d i f f e r e n t  l o a d i n g  a n d  e n d  c o n d i t i o n s  u s i n g  
c e r a n i c  o r  p o l y m e r i c  p i e z o - e l e c t r i c  a c t u a t o r s .  
The  o b t a i n e d  r e s u l t s  e m p h a s i z e  t h e  i m p o r t a n c e  of  t h e  
d e v i s e d  method i n  d e s i g n i n g  more r e a l i s t i c  a c t i v e  c o n t r o l  
s y s t e m s  f o r  f l e x i b l e  beams,  i n  p a r t i c u l a r ,  a n d  l a r g e  f l e x i b l e  
s t r u c t u r e s  i n  g e n e r a l .  
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A c t i v e  v i b r a t i o n  c o n t r o l  s y s t e m s  a r e  b e c o m i n g  e s s e n t i a l  
a n d  v i a b l e  m e a n s  f o r  m i n i m i z i n g  t h e  v i b r a t i o n s  of l a r g e  
f l e x i b l e  s t r u c t u r e s  which  a r e  i n t e n d e d  t o  p r o v i d e  s t a b l e  
b a s e s  f o r  p r e c i s i o n  p o i n t i n g  i n  s p a c e .  S u c h  c o n t r o l  systems 
aim a t  c o m p e n s a t i n g  f o r  t h e  i n h e r e n t l y  low n a t u r a l  d a m p i n g  
c h a r a c t e r i s t i c s  of t h e  f l e x i b l e  s t r u c t u r e s  i n  o r d e r  t o  
s u p p r e s s  t h e i r  o s c i l l a t o r y  b e h a v i o r  o v e r  a w i d e  b a n d  of 
e x c i t a t i o n  f r e q u e n c i e s  w i t h o u t  c o m p r o m i s i n g  t h e i r  s t r u c t u r a l  
i n t e g r i t y .  I n  t h i s  w a y ,  i t  w o u l d  be  p o s s i b l e  t o  meet t h e  
s t r i c t  o p e r a t i o n a l  and  f u n c t i o n a l  c o n s t r a i n t s  w h i c h  a r e  
c u r r e n t l y  i m p o s e d  o n  t h e s e  s t r u c t u r e s .  
D i s t i n c t  among t h e  p r e s e n t l y  a v a i l a b l e  a c t i v e  c o n t r o l  
s y s t e m s  a r e  t h o s e  t h a t  r e l y  i n  t h e i r  o p e r a t i o n  on 
p i e z o - e l e c t r i c  a c t u a t o r s .  S u c h  s y s t e m s  h a v e  p r o v e n  t o  b e  
e x p e r i m e n t a l l y  e f f e c t i v e  i n  c o n t r o l l i n g  t h e  v i b r a t i o n s  of 
s i m p l e  s t r u c t u r a l  e l e m e n t s  s u c h  a s  r e c t a n g u l a r  beams [l-21 
a n d  h o l l o w  c y l i n d r i c a l  masts [ 3 ] .  T h e  e f f e c t i v e n e s s  o f  t h e s e  
s y s t e m s  i s  c o u p l e d  a l s o  w i t h  t h e  l i g h t  w e i g h t ,  h i g h  f o r c e  a n d  
low p o w e r  c o n s u m p t i o n  c a p a b i l i t i e s  o f  t h e  p i e z o - e l e c t r i c  
a c t u a t o r s  [4-81. T h e s e  f e a t u r e s  r e n d e r e d  t h i s  c l a s s  of 
a c t u a t o r s  t o  b e  a n  a t t r a c t i v e  c a n d i d a t e  f o r  c o n t r o l l i n g  
s t r u c t u r a l  v i b r a t i o n s .  
* 
--------------------____c_______________-------- 
* Numbers  b e t w e e n  b r a c k e t s  d e s i g n a t e  r e f e r e n c e s  a t  end  o f  
r e p o r t  
.. 
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The p r e s e n t  s ta te -of - the-ar t  of t h i s  t y p e  of a c t u a t o r s  
h a s  b e e n  l i m i t e d  t o  t h e  a n a l y s i s  a n d  t e s t i n g  of t h e i r  
c h a r a c t e r i s t i c s  (9-111 as  i n f l u e n c e d  by  t h e i r  g e o m e t r i c a l  or 
o p e r a t i o n a l  c o n d i t i o n s ,  A r e c e n t  a t t e m p t  h a s  b e e n  made  by B a z  
[12], t o  s e l e c t  t h e i r  o p t i m a l  g e o m e t r i c a l  p a r a m e t e r s  a n d  
l o c a t i o n  w h i c h  a r e  b e s t  s u i t e d  f o r  a p a r t i c u l a r  s t r u c t u r e  
s u b j e c t e d  t o  known s t a t i c  l o a d i n g  c o n d i t i o n s .  T h e  d e v e l o p e d  
s y n t h e s i s  p r o c e d u r e  has  p r o v e n  t o  b e  e s s e n t i a l  t o  t h e  
s u c c e s s f u l  i n t e g r a t i o n  of t h e  a c t u a t o r s  i n t o  t h e  s t r u c t u r e  i n  
o r d e r  to m i n i m i z e  i t s  s t a t i c  d e f o r m a t i o n .  
H o w e v e r ,  n o  e f f o r t  h a s  b e e n  d o n e  t o  o p t i m i z e  t h e  c o n t r o l  
of t h e  v i b r a t i o n s  o f  a m u l t i - m o d e  f l e x i b l e  s y s t e m  u s i n g  a 
smal l  number  of o p t i m a l l y  p l a c e d  p i e z o - a c t u a t o r s  t h r o u g h  t h e  
d e v e l o p m e n t  o f  e f f i c i e n t  a n d  r e a l i s t i c  c o n t r o l  a l g o r i t h m  t h a t  
e n s u r e s  m i n i m a l  a m p l i t u d e s  of o s c i l l a t i o n  a n d  i n p u t  c o n t r o l  
e n e r g y ,  
It i s ,  t h e r e f o r e ,  t h e  p u r p o s e  of t h i s  s t u d y  t o  d e v i s e  
s u c h  a n  o p t i m a l  c o n t r o l  m e t h o d  t h a t  i s  b a s e d  on a 
m o d i f i c a t i o n  of  t h e  w e l l  known I n d e p e n d e n t  Moda l  S p a c e  
C o n t r o l ( 1 H S C )  m e t h o d  [13-151. T h e  d e v i s e d  me thod  a c c o u n t s  f o r  
t h e  s p i l l o v e r  f r o m  t h e  c o n t r o l l e d  modes  i n t o  t h e  u n c o n t r o l l e d  
m o d e s  d u e  t o  t h e  u s e  of fewer a c t u a t o r s  t h a n  t h e  m o d e l e d  
m o d e s .  T h e  d e v e l o p e d  me thod  i n c o r p o r a t e s  a l s o  a n  o p t i m a l  
p l a c e m e n t  p r o c e d u r e  t h a t  w i l l  e n a b l e  t h e  s e l e c t i o n  of t h e  
o p t i m a l  l o c a t i o n  of t h e  p i e z o - e l e c t r i c  a c t u a t o r s  in t h e  
s t r u c t u r e  in o r d e r  t o  g u a r a n t e e  a b a l a n c e  b e t w e e n  t h e  
e 
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0 
0 
0 
s u p p r e s s i o n  o f  t h e  a m p l i t u d e s  of v i b r a t i o n  a n d  the i n p u t  
c o n t r o l  e n e r g y .  
F u r t h e r m o r e ,  t h e  d e v e l o p e d  p r o c e d u r e  c o n s i d e r s  t h e  
e f f e c t  t h a t  t h e  p i e z o - e l e c t r i c  a c t u a t o r s  h a v e  o n  c h a n g i n g  t h e  
e l a s t i c  a n d  i n e r t i a l  p r o p e r t i e s  of t h e  s t r u c t u r e  t o  w h i c h  
t h e y  a r e  bonded t o .  S u c h  c h a n g e s  r e s u l t  i n  m o d i f y i n g  t h e  
n o r m a l  modes of t h e  s t r u c t u r e  o n e  way o r  a n o t h e r  d e p e n d i n g  o n  
t h e  l o c a t i o n  of t h e  a c t u a t o r .  
In t h i s  s t u d y ,  t h e  e m p h a s i s  w i l l  b e  p l a c e d  o n  
p i e z o - e l e c t r i c  a c t u a t o r - b e a m  s y s t e m s  t o  i l l u s t r a t e  t h e  
d e v i s e d  c o n t r o l  s t r a t e g y .  B u t ,  w i t h o u t  a n y  f u r t h e r  
m o d i f i c a t i o n s ,  t h e  d e v e l o p e d  me thod  c a n  b e  r e a d i l y  a p p l i e d  t o  
l a r g e  s t r u c t u r e s .  
0 -4- 
THE PIEZO-ELECTRIC ACTUATOR-BEAM SYSTEM 
A.  G e n e r a l  L a y o u t  
e 
e 
0 
0 
F i g u r e  (1 )  s h o w s  a g e n e r a l  l a y o u t  o f  a f l e x i b l e  beam A 
w h o s e  v i b r a t i o n  i s  t o  b e  c o n t r o l l e d  by p i e z o - e l e c t r i c  
a c t u a t o r  B. The beam,  u n d e r  c o n s i d e r a t i o n ,  c a n  g e n e r a l l y  b e  
made  o f  severa l  s t e p s  w h i c h  a re  n o t  n e c e s s a r i l y  o f  t h e  same 
t h i c k n e s s  o r  t h e  same m a t e r i a l .  T h e  i n t e r f a c i a l  n o d e s  b e t w e e n  
t h e  d i f f e r e n t  s t e p s  can b e  s u b j e c t e d  t o  e x t e r n a l  f o r c e s ,  
moments o r  b o t h .  F u r t h e r ,  t h e  d e g r e e s  of f r e e d o m  o f  a n y  n o d e  
c a n  be  l i m i t e d  t o  l i n e a r  t r a n s l a t i o n s ,  a n g u l a r  r o t a t i o n s  o r  
r e s t r a i n e d  c o m p l e t e l y  d e p e n d i n g  o n  t h e  n a t u r e  of s u p p o r t  a t  
t h e  n o d e  u n d e r  c o n s i d e r a t i o n .  
In t h i s  s t u d y ,  t h e  beam is assumed t o  h a v e  r e c t a n g u l a r  
c ross  s e c t i o n  o f  c o n s t a n t  w i d t h  b .  The beam is c o n s i d e r e d  t o  
de f l ec t  i n  t h e  t r a n s v e r s e  d i r e c t i o n  d u e  t o  t h e  f l e x t u r a l  
a c t i o n  o f  t h e  e x t e r n a l  f o r c e s  a n d  moments. 
In F i g u r e  ( l ) ,  t h e  p i e z o - e l e c t r i c  a c t u a t o r  B i s  shown 
b o n d e d  t o  t h e  e l e m e n t  i o f  t h e  f l e x i b l e  beam t o  f o r m  a 
c o m p o s i t e  beam. When a n  e l e c t r i c  f i e l d  i s  a p p l i e d  a c r o s s  t h e  
f i l m ,  t h e n  i t  w i l l  expand  if t h e  f i e l d  i s ,  f o r  e x a m p l e ,  a l o n g  
t h e  p o l a r i z a t i o n  a x i s  o f  t h e  f i l m  and  w i l l  c o n t r a c t  i f  t h e  
t w o  w e r e  out o f  p h a s e .  T h e  e x p a n s i o n  o r  c o n t r a c t i o n  of t h e  
f i l m  r e l a t i v e  t o  t h e  beam, by v i r t u e  of t h e  p i e z o - e l e c t r i c  
e f f e c t ,  c r e a t e s  l o n g i t u d i n a l  b e n d i n g  s t r e s s e s  i n  t h e  
0 
0 
0 
0 
Q) 
S 
CI 
I 
E 
Q) 
Qb 
% 
Qb 
4- 
E 
e -6- 
0 
a 
0 
composi te  beam w h i c h  t e n d  t o  bend  t h e  beam i n  a manner  v e r y  
s imilar  t o  a bimetall ic t h e r m o s t a t .  
W i t h  p r o p e r  s e l e c t i o n ,  p l a c e m e n t  a n d  c o n t r o l  of t h e  
a c t u a t o r ,  i t  w o u l d  b e  p o s s i b l e  t o  g e n e r a t e  e n o u g h  
p i e z o - e l e c t r i c  b e n d i n g  stresses t o  c o u n t e r  b a l a n c e  t h e  e f f e c t  
of t h e  e x c i t i n g  f o r c e s  and  moments  a c t i n g  on t h e  beam i n  a 
w a y  t h a t  m i n i m i z e s  i t s  s t r u c t u r a l  v i b r a t i o n s .  
B. F i n i t e  E l e m e n t  H o d e l  O f  An Actua to r -Beam E l e m e n t  
F i g u r e  ( 2 )  shows a s c h e m a t i c  d r a w i n g  of a p i e z o - f i l m  A 
b o n d e d  t o  a n  e l e m e n t  B of t h e  f l e x i b l e  beam. 
a 
a 
0 
If a v o l t a g e  v i s  a p p l i e d  a c r o s s  t h e  f i l m ,  a 
p i e z o - e l e c t r i c  s t r a i n  ef is  i n t r o d u c e d  i n  t h e  f i l m  a n d  c a n  b e  
c o m p u t e d  from : 
w h e r e  d i s  t h e  e l e c t r i c  c h a r g e  c o n s t a n t  o f  t h e  f i l n ,  m/v 
t l  i s  t h e  t h i c k n e s s  of  t h e  p i e z o - e l e c t r i c  a c t u a t o r ,  m 
T h i s  s t r a i n  r e s u l t s  i n  a l o n g i t u d i n a l  s t r e s s  a f  g i v e n  by : 
a f  = E l ( d / t l ) * v  ( 2 )  
w h e r e  El i s  t h e  Young ' s  m o d u l u s  of e l a s t i c i t y  of t h e  f i l m ,  
/ 
X 'f - >- 
a 
- 3  
C 
0 
iu 
I 
0 
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0 
Thle, in turn g e n e r a t e s  a b e n d i n g  moment Hf, a r o u n d  t h e  
n e u t r a l  a x i s  of t h e  c o m p o s i t e  beam,  g i v e n  by  : 
a 
- ( t l t t 2 - D )  
e 
0 
w h e r e  t2 is t h e  t h i c k n e s s  of t h e  b e a n ,  m 
b is t h e  w i d t h  of t h e  beam a n d  t h e  p i e z o - f i l m ,  m 
0 
0 
4 t 2 - D )  
I n  e q u a t i o n  ( 3 ) ,  D i s  t h e  d i s t a n c e  o f  t h e  n e u t r a l  a x i s  f r o m  
t h e  lower e d g e  of t h e  beam w h i c h  c a n  b e  d e t e r m i n e d  by 
c o n s i d e r i n g  t h e  f o r c e  b a l a n c e  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  X 
o f  t h e  beam,  or : 
e 
l o l d A  + I o Z d A  = 0 
f i l m  beam 
or 
(4) 
2 I where E i s  Y o u n g ' s  modu lus  of  e l a s t i c i t y  o f  t h e  beam, N/m 
E q u a t i o n  ( 5 )  y i e l d s  t h e  f o l l o w i n g  e x p r e s s i o n  f o r  D : 
2 
e 
-9 - 
e 
E q u a t i o n  (2), (3) a n d  (6) c a n  be  c o m b i n e d  t o  d e t e r m i n e  t h e  
b e n d i n g  moment M f  g e n e r a t e d  b y  t h e  p i e z o - f i l m  on t h e  
c o m p o s i t e  beam a s  f o l l o w s  : 
e 
For t h i s  c o m p o s i t e  beam, i t  c a n  b e  e a s i l y  shown [16] 
t h a t  i t  h a s  a f l e x t u r a l  r i g i d i t y  ( E i I i )  g i v e n  by : 
e 
EiIi  = E I t E212 1 1  
e 
0 
0 
w h e r e  I1 
a n d  t h e  beam a b o u t  t h e  n e u t r a l  a x i s  r e s p e c t i v e l y .  
a n d  I2 a r e  t h e  area moment s  of i n e r t i a  of t h e  f i l m  
L e t  us now a s s u m e  t h a t  t h e  c o m p o s i t e  beam, shown i n  
F i g u r e  (Z), e x t e n d s  a l e n g t h  li b e t w e e n  two n o d e s  ( i )  a n d  
( i+l) .  F u r t h e r ,  i t  i s  as sumed  t h a t  t h e  e x t e r n a l  f o r c e s  Vi  a n d  
a r e  a c t i n g  'i+l 
o n  t h e  beam a t  n o d e s  i a n d  i+l r e s p e c t i v e l y .  T h e n ,  t h e  
r e s u l t i n g  l i n e a r  a n d  a n g u l a r  d e f o r m a t i o n s  of t h e  beam y i  a n d  
a t  t h e  n o d e s  i a n d  i+l ,  
r e s p e c t i v e l y ,  c a n  b e  r e l a t e d  t o  t h e  l o a d s  a c t i n g  on t h e  
e l e m e n t  a s  f o l l o w s  [ 1 7 ]  : 
e i  and  'ei+l as w e l l  a s  t h e  e x t e r n a l  moments  M 
e i+l  a n d  P i + l  e a s  w e l l  a s  i 
e -10- 
e 
0 
Li= 
-12 6Ll 'I 12  6L, 
4Li2 -6L5 2L12 
2Li 2 -6Li 4Li 2 
-6L, 12  -6Li 
E q u a t i o n  ( 9 )  c a n  b e  r e w r i t t e n  a s  : 
e 
0 
0 
0 
0 
e 
Fi = vi 
( 9 )  
w h e r e  F .  i s  t h e  r e s u l t a n t  f o rces  a n d  moments v e c t o r  a c t i n g  
1 
o n  t h e  beam e l e m e n t  i, N 
K. i s  t h e  s t i f f n e s s  m a t r i x  o f  t h e  c o m p o s i t e  beam 
1 
e l e m e n t  i ,  N/m 
6 .  i s  t h e  d e f l e c t i o n  v e c t o r  o f  t h e  n o d e s  b o u n d i n g  t h e  
1 
beam e l e m e n t ,  m 
E q u a t i o n  ( 9 )  c o n s t i t u t e s  t h e  b a s i c  f i n i t e  e l e m e n t  m o d e l  
t h a t  r e l a t e s  t h e  e x t e r n a l  l o a d s  (V a n d  M e )  a n d  p i e e o - e l e c t r i c  
m o m e n t s  ( M f )  t o  t h e  d e f l e c t i o n s  ( y  a n d 8  ) o f  t h e  e l e m e n t  a s  a 
f u n c t i o n  o f  i t s  e l a s t i c  and  i n e r t i a l  p a r a m e t e r s .  
T h e  e q u a t i o n  c a n  b e  e q u a l l y  u s e d  f o r  a n y  e l e m e n t  of t h e  
beam w h e t h e r  i t  h a s  a p i e z o - f i l m  bonded t o  i t  o r  n o t .  I n  t h e  
l a t t e r  case ,  M i s  s e t  t o  ze ro  a n d  f l e x t u r a l  r i g i d i t y  E.1 i s  
s e t  e q u a l  t o  t h a t  o f  t h e  f l e x i b l e  beam e l e m e n t  u n d e r  
f 1 i  
c o n s i d e r a t i o n .  
-11- 
T h e  f o r c e - d i s p l a c e m e n t  character is t ics  of t h e  I n d i v i d u a l  
e l e m e n t 8  of t h e  b e a m - a c t u a t o r  s y s t e m ,  as g i v e n  f o r  e l e m e n t  I 
by equation ( 9 ) ,  are c o m b i n e d  t o  d e t e r m i n e  t h e  o v e r a l l  
s t i f f n e s s  of t h e  beam s y s t e m .  
T h e  e q u i l i b r i u m  c o n d i t i o n s  o f  t h e  o v e r a l l  s t r u c t u r e  w i l l  
b e  e x p r e s s e d  a s  : 
E x t e r n a l  f o r c e s  and moment f o r c e s  a n d  moment s  
a c t i n g  on  t h e  n o d e s  
of t h e  o v e r a l l  s y s t e m  a t  t h e s e  n o d e s  
= x a c t i n g  on  t h e  e l e m e n t s  
o r  
N + l  N 1  
i=l is1 
F = x F i  = k K i 6 i  = K6 
w h e r e  K is t h e  o v e r a l l  s t i f f n e s s m a t r i x  o f  t h e  s y s t e m  (2n*2n)  
B a t h e  a n d  W i l s o n  [ 1 8 ] ,  Yang [ 1 9 ]  a n d  F e n n e r  [ 2 0 ] ,  f o r  
e x a m p l e ,  show how t o  g e n e r a t e  t h e  o v e r a l l  m a t r i x  P: from t h e  
s t i f f n e s s  matr ices  Ki o f  t h e  i n d i v i d u a l  e l e m e n t s .  
T h e  i n e r t i a l  p r o p e r t i e s  of t h e  c o m p o s i t e  a c t u a t o r - b e a m  
s y s t e m  a r e  d e t e r m i n e d  u s i n g  t h e  lumped mass me thod  w h e r e  t h e  
mass a n d  r o t a t i o n a l  i n e r t i a l  of each e l e m e n t  i s  d i s t r i b u t e d  
among t h e  n o d e s  b o u n d i n g  t h e  element [ 1 7 ] .  
T h e r e f o r e ,  t h e  d i a g o n a l  mass m a t r i x  M (2n*2n)  f o r  t h e  
a c t u a t o r - b e a m  s y s t e m ,  shown i n  F i g u r e ( l ) ,  c a n  b e  w r i t t e n  a s  : 
-12- 
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a 
a 
a 
0 
= beam a n d  f i l m  mass p e r  u n i t  l e n g t h  
b , f  
W 
r e s p e c t i v e l y ,  kg/m. 
.C 1 i f  a n  a c t u a t o r  i s  bonded t o  beam e l e m e n t  i. yi 
0 i f  n o t .  
T h e  s t i f f n e s s  a n d  mass matrices K a n d  H, d e f i n e d  by 
e q u a t i o n s  11 a n d  1 2 ,  are u s e d  t o  d e f i n e  t h e  d y n a m i c  e q u a t i o n s  
of m o t i o n  of t h e  a c t u a t o r - b e a m  s y s t e m .  
e 
-13- 
e 
e 
The equations of motion of the actuator-beam system can 
be written a8 followe : 
M ' d +  K 6  - F 
where 8 is the acceleration of the nodal points of the 
2 composite beam, m/s 
e 
Equation (13) is put in the self-adjoint modal space by 
using the following weighted modal transformation [ 2 1 ]  : 
e 
e 
where U is the modal coordinates of the system 
e 
e 
e 
e 
4 is the veighted modal shape matrix of the 
eigenvectors of the flexible system 
Using  such transformation, reduces the coupled equation 
of motion (13) to the following uncoupled form : 
i j + A U = f  
where is a diagonal matrix of the eigenvalues of the system 
f is the modal force matrix given by 
f = #TF 
e 
-14 -  
T h e  m o d a l  r e p r e s e n t a t i o n  of t h e  f l e x i b l e  b e a m - a c t u a t o r s  
system I s  u t i l i z e d ,  as a bas is  f o r  t h i s  s t u d y ,  a s  It makes 
t h e  dee ign  and the r e l e c t l o n  of t h e  gains of  t h e  a c t i v e  
c o n t r o l  systems r a t h e r  s i m p l e  a s  c o m p a r e d  t o  the  c o u p l e d  
s y s t e m  r e p r e s e n t a t i o n .  T h i s  i s  d u e  t o  t h e  f a c t  t h a t  t h e  
d e s i g n  o f  m o d a l  c o n t r o l l e r s  u s i n g ,  f o r  e x a m p l e ,  t h e  
I n d e p e n d e n t  Moda l  S p a c e  C o n t r o l  (IMSC) m e t h o d  [13-151 has 
b e e n  p r o v e n ,  in n u m e r o u s  s t u d i e s  s u c h  as [lS], t o  b e  
c o m p u t a t i o n a l l y  m o r e  e f f i c i e n t  t h a n  t h e  c o n v e n t i o n a l  B icca t i  
or P o l e  A s s i g n m e n t  m e t h o d s .  
CONTROL STRATEGY OF ACTUATOR-BEAM SYSTEM 
e 
I 
0 
T h e  c o n t r o l  s t r a t e g y  u s e d  in c o n t r o l l i n g  t h e  v i b r a t i o n  
o f  t h e  f l e x i b l e  beam s y s t e m  i s  b a s e d  on a m o d i f i e d  v e r s i o n  
(MIMSC) of t h e  I n d e p e n d e n t  Modal  S p a c e  C o n t r o l  ( IMSC)  me thod .  
Deta i l s  of t h e  me thod  a r e  p r e s e n t e d  i n  R e f e r e n c e  [ 2 2 ] .  I n  
e s s e n c e ,  t h e  MIMSC u t i l i e s  smal l  number  of o p t i m a l l y  p l a c e d  
a c t u a t o r s  t o  c o n t r o l  a l a r g e  s y s t e m  t h a t  h a s  l a r g e  number o f  
d e g r e e s  of f r e e d o m .  The  m e t h o d  a c c o u n t s  a l s o  f o r  t h e  e f f e c t  
o f  i n t e r a c t i o n  b e t w e e n  t h e  c o n t r o l l e d  a n d  u n c o n t r o l l e d  modes .  
C o n s i d e r i n g  t h e  modal  r e p r e s e n t a t i o n  o f  t h e  e l a s t i c  
s y s t e m ,  o n e  c o u l d  rewri te  t h e  moda l  f o r c e s  f a s  : 
-15- a 
a 
a 
a 
a 
l 
a l 
a 
a 
a 
. . . . . . . . . . . . . . . . . .  I 
w h e r e  f C , R  a r e  t h e  modal  f o r c e s  on  t h e  c o n t r o l l e d  a n d  
r e s i d u a l  modes r e s p e c t i v e l y .  
a r e  t h e  p h y s i c a l  f o r c e s  on t h e  c o n t r o l l e d  a n d  FC,R 
r e s i d u a l  modes. 
3' 4 (1 ) is t h e  modal  s h a p e  a t  mode i and l o c a t i o n  1 i j  
T h e  a b o v e  e q u a t i o n  c a n  be r e w r i t t e n  as : 
I f  only C modes  a r e  c o n t r o l l e d  w i t h  e q u a l  n u m b e r  of c o n t r o l  
forces  FC, t h e n  FR=O a n d  e q u a t i o n  (18) r e d u c e s  t o  : 
f C = B  F cc c 
and 
FR BRCFC 
-16- 
e 
e 
e 
a 
In t h e  IMSC m e t h o d ,  it I s  a s s u m e d  t h a t  t h e  c o n t r o l  
forces FC w i l l  not c o n t r i b u t e  t o  the excitation of the 
realdual higher order modes. Accordingly, it va8 assumed that 
fR=O. T h i s  of course can only be t r u e  If t h e  number  of 
c o n t r o l l e d  modes  is v e r y  l a r g e  c o m p a r e d  t o  t h e  number of 
r e s i d u a l  modes  or when t h e  r e s i d u a l  modes  a r e  a t  much h i g h e r  
f r e q u e n c y  band  t h a n  t h e  c o n t r o l l e d  modes .  If t h e s e  t w o  
c o n d i t i o n s  are  n o t  s a t i s f i e d ,  t h e n  t h e r e  w i l l  b e  c o n s i d e r a b l e  
i n t e r a c t i o n  b e t w e e n  the c o n t r o l l e d  a n d  r e s i d u a l  modes. 
T h e  MIMSC m e t h o d  c o n s i d e r s  s u c h  i n t e r a c t i o n  by 
c a l c u l a t i n g  t h e  o p t i m a l  m o d a l  c o n t r o l  fo rces  [fC] u s i n g  t h e  
IMSC c l o s e  f o r m  s o l u t i o n  o f  t h e  R i c c a t i  E q u a t i o n  s u c h  t h a t  
t h  t h e  c o n t r o l  f o r c e  f i  of t h e  i mode,  a s  g i v e n  by [ 1 4 ] ,  is : 
f i  = - (g lu iu i  t g2ii)/R 
w h e r e  R i s  a f a c t o r  t h a t  w e i g h s  t h e  i m p o r t a n c e  of 
m i n i m i z i n g  t h e  v i b r a t i o n  w i t h  r e s p e c t  t o  t h e  
c o n t r o l  f o r c e s .  
w i s  t h e  r e s o n a n t  f r e q u e n c y  a t  t h e  ith n o r m a l  i 
mode. 
fi a r e  t h e  modal  d i s p l a c e m e n t  a n d  v e l o c i t y  
r e s p e c t i v e l y .  
i '  i U 
a r e  t h e  modal  p o s i t i o n  a n d  v e l o c i t y  f e e d b a c k  81, 82 
g a i n s  g i v e n  by [ 2 2 ]  as  : 
e 
-17- 
e 
e 
e 
e 
e 
e 
e 
e 
e 
a 
A c c o r d i n g l y ,  the d i s p l a c e m e n t  ui and  v e l o c i t y  a a t  t h e  
c a n  b e  f e e d b a c k  a n d  used a l o n g  w i t h  e q u a t i o n s  (21 ) ,  
I 
ith r o d e  
( 2 2 )  a n d  (23) t o  determine t h e  moda l  c o n t r o l  f o r c e  f i .  
Once  t h e s e  forces are  c a l c u l a t e d ,  e q u a t i o n  (19) is 
s o l v e d  t o  g i v e  t h e  p h y s i c a l l y  a p p l i e d  c o n t r o l  f o r c e s  Fc a s  
f ollovs : 
(24) -1 FC = BCC fC 
T h e n  e q u a t i o n  (20) i s  u s e d  t o  c a l c u l a t e  t h e  modal  f o r c e s  
fR t h a t  wou ld  e x c i t e  t h e  r e s i d u a l  modes a n d  w h i c h  a r e  
g e n e r a t e d  by t h e  s p i l l o v e r  f r o m  t h e  c o n t r o l l e d  modes .  
D e f i n i t e l y  t h e s e  fR a r e  n o t  e q u a l  t o  z e r o  a s  o r i g i n a l l y  
a s s u r e d  in t h e  IMSC method.  
E q u a t i o n s  (17)  and (15) can t h e n  b e  i n t e g r a t e d  w i t h  
r e s p e c t  t o  t h e  t i m e  t o  d e t e r m i n e  t h e  modal  d i s p l a c e m e n t s  (u , )  
a n d  V e l o c i t i e s  (;.) which c a n ,  i n  t u r n ,  b e  u s e d  a g a i n  t o  
c o m p u t e  t h e  modal  forces  f a n d  so on .  
1 
From t h e  moda l  d i s p l a c e m e n t s  a n d  v e l o c i t i e s ,  t h e  
p h y s i c a l  s t a t e  (6) of t h e  f l e x i b l e  s y s t e m  c a n  b e  d e t e r m i n e d  
from e q u a t i o n  ( 1 4 ) .  A r e l a t i o n s h i p  c a n  t h e r e f o r e  b e  
e s t a b l i s h e d  b e t w e e n  t h e  p h y s i c a l  s t a t e  6 of t h e  s y s t e m  a n d  
t h e  p h y s i c a l  c o n t r o l  f o r c e s  FC a p p l i e d  t o  i t .  
e 
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e 
e 
e 
e 
a 
It l e  very  important to point out here that the 
ragaitrrde of the modal force8 fC depends  primarily on the 
magnitude ui's of the controlled modes as well as the modal 
state variables u and 6 .  On the other hand, the magnitude of 
the actual physical control forces Fc depends mainly, for a 
given controlled mode, on the point of application of these 
forces as defined by the matrix BCC . Therefore, minimizing 
fC does not necessarily means that Fc vi11 be minimum inspite 
of the fact that it is represented as a linear combination of 
This is simply because the coefficients of the linear 
combination, which are elements of the BCC -1 matrix, depend 
on the placement strategy of the control forces FCm One 
could still find an optimally placed set of physical control 
forces FC such that the physical displacements and control 
forces would assume minimum value. 
-1 
fC' 
This optimum placement of the physical control forces is 
an important featare of the H I H S C  method and will be 
demonstrated to be essential part of the design of the active 
control system. 
e 
One should stress here also that if all the modes are 
controlled and there is no residual modes then the conditions 
e for minimizing f will make F minimum as well. But, in real 
large structures this will be unlikely to happen as the 
C C 
number of controlled modes is much smaller than the number of 
modeled modes. Therefore, it is essential to augment the IMSC 
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0 
0 
m e t h o d  w i t h  a n  o p t i m a l  placement a l g o r i t h m  t o  g u a r a n t e e  
e f f i c i e n t  d e s i g n  of the c o n t r o l  8 y s t e r .  
T h e  opt imum p l a c e m e n t  of t h e  a c t u a t o r s  is i m p l e m e n t e d  
t h r o u g h  t h e  u s e  o f  t h e  U n i v a r i a t e  S e a r c h  me thod  [ 2 3 ]  w h i c h  
v a r i e s  t h e  l o c a t i o n  of one a c t u a t o r  a t  a t ime i n  o r d e r  t o  : 
( 2 5 )  
2 2 M i n i m i z e  I (6. t BFC ) d t  
0 
0 
0 
0 
0 
0 
In o t h e r  w o r d s ,  t h e  o p t i m a l  p l a c e m e n t  algorithm 
m i n i m i z e s  t h e  w e i g h t e d  s u m  of t h e  a m p l i t u d e s  of v i b r a t i o n  a n d  
t h e  g e n e r a t e d  c o n t r o l  fo rces .  T h e  w e i g h t i n g  f a c t o r  R I s  
s e l e c t e d  by t h e  d e s i g n e r  t o  e m p h a s i z e  t h e  i m p o r t a n c e  o f  
d a m p i n g  o u t  t h e  v i b r a t i o n  o v e r  t h e  e x p e n d e d  c o n t r o l  e n e r g y  
(when R < < l )  o r  v i c e  v e r s a  when R > > 1 .  E q u a l  i m p o r t a n c e  o f  t h e  
t w o  p a r a m e t e r s  i s  a c h i e v e d  w i t h  R = l .  
T h e  MIMSC method  i n c o r p o r a t e s  a l s o  a n  e x t r e m e l y  
i m p o r t a n t  f e a t u r e  w h i c h  i s  b a s e d  on t h e  "TIME SHARING" of a 
sma l l  number of a c t u a t o r s  i n  t h e  moda l  s p a c e  t o  c o n t r o l  l a r g e  
n u m b e r  o f  modes.  D e t a i l s  o f  s u c h  i m p o r t a n t  f e a t u r e  a r e  
p r e s e n t e d  i n  R e f e r e n c e s  [29-301.  In f e w  w o r d s ,  t h e  Time 
S h a r i n g  C o n t r o l  S t r a t e g y  g e n e r a t e s  modal  c o n t r o l  f o r c e s  t o  
c o n t r o l ,  a t  t h e  f i r s t  t i m e  i n t e r v a l ,  t h e  f i r s t  t h r o u g h  t h e  
C th  modes  u s i n g  C a c t u a t o r s  t h e n ,  a t  t h e  s e c o n d  t i m e  
I n t e r v a l ,  i t  p r o v i d e s  s i g n a l s  t o  c o n t r o l  t h e  s e c o n d  t h r o u g h  
t h e  ( C + l ) t h  modes f o l l o w e d  b y  commands t o  c o n t r o l  t h e  t h i r d  
t h r o u g h  t h e  (C+2)th modes a n d  so on u n t i l  a l l  t h e  m o d e l e d  
e 
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e 
a 
e 
e 
e 
e 
m o d e s  are c o n t r o l l e d  i n  t h i s  s e q u e n t i a l  f a s h i o n .  Once  a l l  t h e  
m o d e l e d  modes  h a v e  r e c e i v e d  their rhare from t h e  c o n t r o l  
ac t ion  t h e  c y c l e  i s  r e p e a t e d  a g a i n  t o  e f f e c t i v e l y  damp o u t  
a l l  t h e  modes  o f  v i b r a t i o n  w i t h  f e u  number of a c t u a t o r s .  T h i s  
s t r a t e g y  h a s  b e e n  shown t o  r e s u l t  i n  e f f i c i e n t  c o n t r o l  o f  t h e  
v i b r a t i o n  o f  l a rge  s t r u c t u r e s  w i t h  r e l a t i v e l y  small  number o f  
a c t u a t o r s  when o t h e r  e x i s t i n g  m e t h o d s  f a i l  t o  do SO [ 2 2 ] .  
F i g u r e  (3) o u t l i n e s  a f l o w c h a r t  of t h e  MIMSC method  
i n d i c a t i n g  t h e  r a i n  s t eps  of o p t i m a l  p l a c e m e n t  a n d  t i m e  
s h a r i n g  o f  t h e  a c t u a t o r s  as w e l l  a s  t h e  c o n s i d e r a t i o n  o f  t h e  
s p i l l o v e r  b e t w e e n  t h e  c o n t r o l l e d  a n d  r e s i d u a l  modes .  
A p p l i c a t i o n  O f  MIMSC Method  
To P i e z o  A c t u a t o r s - B e a m  S y s t e m  
T h e  MIMSC m e t h o d  i s  u t i l i z e d  t o  d e s i g n  a c t i v e  v i b r a t i o n  
c o n t r o l l e r s  f o r  f l e x i b l e  beams of p a r t i c u l a r  c o n f i g u r a t i o n  
when s u b j e c t e d  t o  s p e c i f i c  e x t e r n a l  l o a d i n g  a n d  e n d  
c o n d i t i o n s .  The  c o n t r o l l e r s  r e l y  i n  t h e i r  o p e r a t i o n  on o n e  o r  
m o r e  p i e z o - e l e c t r i c  a c t u a t o r s  w h i c h  a r e  o p t i m a l l y  s e l e c t e d ,  
p l a c e d  a n d  c o n t r o l l e d  w i t h o u t  v i o l a t i n g  t h e i r  p o l a r i z a t i o n  o r  
s t r e n g t h  c o n s t r a i n t s .  Two t y p e s  of  p i e z o - e l e c t r i c  a c t u a t o r s  
a r e  c o n s i d e r e d  in t h i s  s t u d y  n a m e l y  : ceramics a n d  p o l y m e r i c  
a c t u a t o r s  whose  p h y s i c a l  p r o p e r t i e s  a r e  g i v e n  in T a b l e  (1). 
e 
a 
ZNPU? 
Oeorretry, o l a r t i o  and lnrrtial 
proporthi o t  otrwturo 
a 
INPUT 
Initial geometr~, propertier and 
location of pietoactuatorr 
0 
Compute the optimal 
gains of the controller 
Compute time h58tory of a11 - nodes in modal coordinates 
1 Determine the reduce 8od.l shape matrices I correm. to actuators m d  sensors locations 
Compute the physica 
control forces 
force and control energr indices 
Change actuator 
and number index min. 
n timum actuato 
Figure ( a )  - Flow chart of the HIHSC Computational Algorithm 
a 
-22- 
T a b l e  (1) - P r o p e r t i e s  of p l e t o - e l e c t r i c  a c t u a t o r s  
e 
Actuator  T y p e  
~- 
Material 
_ _ ~  
PZT 
Y o u n g ' s  m o d u l u s  139 60 2 
(G N / m 2 )  
Ha.. v o l t a g e  v 
( H v / m )  
1 0.7 30 
NUMERICAL EXAMPLES 
T h e  a p p l i c a t i o n  o f  t h e  HIHSC method i s  i l l n s t r a t e b  by 
c o n s i d e r i n g  a f l e x i b l e  s t r a i g h t  beam, shown i n  F i g u r e  (4), 
w h i c h  is 0.0125m w i d e ,  0.0021m t h i c k  a n d  0.15m l o n g .  T h e  beam 
i s  m o d e l e d  by t h r e e - e l e m e n t  model  f o r  t h e  s a k e  o f  
d e m o n s t r a t i n g  t h e  MIMSC m e t h o d .  
The  e f f e c t  of  v a r y i n g  beam l o a d i n g  a n d  e n d  c o n d i t i o n s  a s  
w e l l  a s  beam a n d  a c t u a t o r  mater ia l s  o n  t h e  o p t i m a l  
c o n f i g u r a t i o n  of t h e  s y s t e m  i s  c o n s i d e r e d  in g r e a t  d e t a i l s .  
E 
F 
d 
z 
Q, 
U 
0 z 
6 
a 
0 
rc 
i 
a 
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A .  V i b r a t i o n  of C a n t i l e v e r  Beam 
a 
a 
a 
a 
a 
T h e  f l e x i b l e  b e a n ,  u n d e r  c o n s i d e r a t f o n ,  I s  r e s t r a i n e d  a t  
n o d e  1 t o  form a c a n t i l e v e r  beam whose f r e e  e n d ,  n o d e  4, I s  
s u b j e c t e d  t o  e i t h e r  t r a n s v e r s e  i m p u l s i v e  l o a d i n g  or 
s i n u s o i d a l  e x c i t a t i o n s .  T h e  c o n s i d e r e d  i m p u l s i v e  l o a d  is 
s e l e c t e d  t o  h a v e  a m a g n i t u d e  of 0.1N a n d  d u r a t i o n  of l . O m s  
whereas t h e  s i n u s o i d a l  e x c i t a t i o n s  are  a s s u m e d  t o  h a v e  t h e  
same m a g n i t u d e  of 0.1N a n d  a f r e q u e n c y  r a n g i n g  b e t w e e n  15 t o  
1000 Hz. 
T h e  e f f e c t  of t h e  t w o  t y p e s  o f  l o a d i n g  o n  t h e  time 
a n d / o r  t h e  f r e q u e n c y  r e s p o n s e s  of t h e  p i e z o  e l e c t r i c  
c o n t r o l l e d  beam is d e t e r m i n e d  u s i n g  t h e  HIMSC m e t h o d  a n d  
c o m p a r e d  t o  t h e  c o r r e s p o n d i n g  c h a r a c t e r i s t i e s  of t h e  
u n c o n t r o l l e d  beam. S u c h  c o m p a r i s o n  a r e  u s e d  t o  d e t e r m i n e  t h e  
e f f e c t i v e n e s s  of p i e z o - e l e c t r i c  a c t u a t o r s  i n  d a m p i n g  o u t  t h e  
v i b r a t i o n s  of t h e  undamped f l e x i b l e  beam. 
a 
( I ) .  R e s p o n s e  t o  T h e  I m p u l s i v e  L o a d i n g  
a 
a 
F i g u r e s  (5-a) a n d  (5-b)  show t h e  time h i s t o r i e s  of t h e  
a m p l i t u d e s  of t r a n s v e r s e  v i b r a t i o n s  of t h e  u n c o n t r o l l e d  beam 
when i t  i s  m a d e  of s t e e l  a n d  a luminum r e s p e c t i v e l y .  I t  c a n  b e  
s e e n  t h a t  t h e  beams  w i l l  c o n t i n u e  t o  v i b r a t e  i n  a l i m i t  cyc le  
f a s h i o n  e v e n  a f t e r  t e r m i n a t i o n  of t h e  i n p u t  i m p u l s e .  T h i s  is 
d u e  t o  t h e  f a c t  t h a t  t h e  beams a re  a s s u m e d  t o  h a v e  no 
i n h e r e n t  s t r u c t u r a l  d a m p i n g .  
0 
a 
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e 
T h e  f i g u r e s  I n d i c a t e  a l s o  t h a t  the a l u m i n u m  beam will 
e x p e r i e n c e  h i g h e r  a m p l i t u d e s  of v i b r a t i o n s  t h a n  t h e  r t ee l  
beam. 
T h e  a m p l i t u d e s  o f  v i b r a t i o n s  d i s p l a y e d  i n  F i g u r e s  (5-a) 
a n d  ( 5 - b )  a r e  u s e d  as a da tum f o r  m e a s u r i n g  t h e  e f f e c t  o f  t h e  
t h i c k n e s s ,  mater ia l ,  l o c a t i o n  a n d  number  of p i e z o - e l e c t r i c  
a c t u a t o r s  on c o n t r o l l i n g  t h e  v i b r a t i o n  of t h e  c a n t i l e v e r  beam 
a s  w i l l  b e  d e s c r i b e d  In t h a t  f o l l o w s .  
( a ) ,  E f f e c t  o f  A c t u a t o r  T h i c k n e s s  
e 
e 
e 
F i g u r e s  (6-a),  (6-b) a n d  (6-c) i l l u s t r a t e  t h e  time 
h i s t o r i e s  of t h e  a m p l i t u d e s  o f  t r a n s v e r s e  v i b r a t i o n s  of  t h e  
s t e e l  c a n t i l e v e r  beam when c o n t r o l l e d  b y  t h e  MIMSC method 
u s i n g  o n e  p i e z o - e l e c t r i c  a c t u a t o r  t h a t  h a s  a t h i c k n e s s  of 
0 .000525m,  0.00105m a n d  0 . 0 0 2 1 ~  r e s p e c t i v e l y .  In 
d i m e n s i o n l e s s  form,  t h e  a c t u a t o r s  are  s e l e c t e d  t o  h a v e  
t h i c k n e s s e s  e q u a l  t o  1/4, 1 / 2  a n d  1 t h a t  of t h e  beam 
t h i c k n e s s  r e s p e c t i v e l y .  A l l  t h e  c o n s i d e r e d  a c t u a t o r s  a r e  made 
of PZT4 ceramic a r e  p l a c e d  b e t w e e n  n o d e s  1 a n d  2 ,  i .e.  bonded 
t o  t h e  e l e m e n t  n e a r  t h e  f i x e d  e n d  o f  t h e  beam. 
F i g u r e s  ( 7 - a ) ,  (7-b) a n d  ( 7 - c )  d i s p l a y  t h e  c o r r e s p o n d i n g  
c o n t r o l  v o l t a g e s  g e n e r a t e d ,  a c c o r d i n g  t o  t h e  MIMSC method,  t o  
p o w e r  t h e  c o n s i d e r e d  f o u r  a c t u a t o r s  r e s p e c t i v e l y .  
e 
e 
e 
a 
a 
a 
I 
i 
e 
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F i g u r e a  (6-a) t h r o u g h  (6-c) i n d i c a t e  t h a t  using o n e  
a c t u a t o r  w h i c h  1 8  c a p a b l e  o n l y  of p r o d u c i n g  b e n d i n g  momenta ,  
It wa8 p o s r l b l e  t o  c o n t r o l  a l l  t h e  three l i n e a r  t r a n s l a t l o n s  
a n d  t h e  t h r e e  a n g u l a r  r o t a t i o n s  of t h e  c a n t i l e v e r  beam. T h i s  
f e a t u r e  i s  a n  i m p o r t a n t  f e a t u r e  of t h e  HIMSC m e t h o d  w h e r e  o n e  
a c t u a t o r  i s  s h a r e d  t o  c o n t r o l  m o r e  t h a n  one mode of v i b r a t i o n  
o f  t h e  f l e x i b l e  s t r u c t u r e .  
a 
D e t a i l e d  a n a l y s i s  of t h e  f i g u r e s  is s u m m a r i z e d  in T a b l e  
( 2 )  t o  i n d i c a t e  t h e  e f f e c t  of t h e  t h i n k n e s s  of t h e  
a 
a 
a 
a 
a 
a 
p i e z o - e l e c t r i c  a c t u a t o r  on t h e  d i s p l a c e m e n t  i n d e x  Ud, c o n t r o l  
force i n d e x  Uc a n d  c o n t r o l  energy i n d e x  U T h e s e  i n d i c e s  a re  
d e f i n e d  by t h e  f o l l o w i n g  e x p r e s s i o n s :  
E' 
t=t  N 
t = O  i=l 
= 6i2*At 'd 
* 
t=t N 
~2 Z F i  2* A t  
' c  t = O  i=l 
t=t N 
t = O  i=l  
= 2 l i i*Fil  A t  'E 
w h e r e  a t  i s  t i m e  i n c r e m e n t  f o r  i n t e g r a t i n g  t h e  e q u a t i o n s  of 
m o t i o n  t a k e n  a s  : 
A t  1 / 1 0 * 2 * 3 . 1 4 1 6 / ~ a x  (29) 
maximum n a t u r a l  mode of v i b r a t i o n  of t h e  e l a s t i c  Omax 
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e 
e 
e 
0 
e 
e 
e 
s y s t e m ,  r a d / e e c  
4t 
t maximum t i m e  of i n t e g r a t i o n ,  sec  
N n u m b e r  of d e g r e e s  of freedom of t h e  s t r u c t u r e  
T a b l e  ( 2 )  - E f f e c t  of ac tua to r  t h i c k n e s s  on  t h e  d i s p l a c e m e n t ,  
c o n t r o l  f o r c e  a n d  c o n t r o l  e n e r g y  i n d i c e s  f o r  a 
s t e e l  c a n t i l e v e r  beam c o n t r o l l e d  w i t h  o n e  PZT 
a c t u a t o r  a t  e l e m e n t  1 
T a b l e  ( 2 )  i n d i c a t e s  c l e a r l y  t h a t  i n c r e a s i n g  t h e  
t h i c k n e s s  o f  t h e  a c t u a t o r  r e s u l t s  i n  d e c r e a s i n g  t h e  a m p l i t u d e  
o f  v i b r a t i o n s  of t h e  beam c o n s i d e r a b l y  a s  m e a s u r e d  by  t h e  
d i s p l a c e m e n t  i n d e x  u d '  S u c h  a r e d u c t i o n  i s  a t t r i b u t e d  
p r i m a r i l y  t o  t h e  s t i f f n e s s  e f f e c t  t h a t  r e s u l t  f r o m  b o n d i n g  
t h i c k e r  a c t u a t o r s  t o  t h e  o r i g i n a l  f l e x i b l e  beam. However ,  
u s i n g  s u c h  t h i c k e r  a c t u a t o r s  would  r e q u i r e  l a r g e  c o n t r o l  
f o r c e s  t o  damp o u t  t h e  v i b r a t i o n s  of t h e  b e a m - a c t u a t o r  
s y s t e r .  T h i s  i s  r e f l e c t e d  d i r e c t l y  i n t o  h i g h  c o n t r o l  v o l t a g e s  
a s  c a n  b e  s e e n  c l e a r l y  f rom F i g u r e s  ( 7 - a )  t h r o u g h  ( 7 - c ) .  
T h e r e f o r e ,  w e  h a v e  a p u s h  a n d  a p u l l  s i t u a t i o n  w h e r e  
t h i c k e r  a c t u a t o r s  a r e  p r e f e r r e d  t o  m i n i m i z e  t h e  a m p l i t u d e s  o f  
e o s c i l l a t i o n  a n d  t h i n n e r  a c t u a t o r s  a r e  d e s i r a b l e  i f  o n e  i s  t o  
l i m i t  t h e  m a g n i t u d e  o f  t h e  c o n t r o l  f o r c e s  a n d  c o n t r o l  
v o l t a g e s .  A c c o r d i n g l y ,  a b a l a n c e  c a n  b e  a c h i e v e d  b e t w e e n  
e 
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m i n i m i z i n g  t h e  d i s p l a c e m e n t  i n d e x  v i t h o u t  h a v i n g  t o  p r o d u c e  
e x c e s s i v e l y  l a r g e  c o n t r o l  forces .  T h i s  b a l a n c e  c a n  b e  
a t t a i n e d ,  i f  we c o n s i d e r  t h e  c o n t r o l  e n e r g y  i n d e x  UE w h i c h  is 
a m e a s u r e  of t h e  e n e r g y  s p e n t  t o  c o n t r o l  t h e  v i b r a t i o n  of t h e  
beam. From T a b l e  (Z), i t  c a n  b e  seen  t h a t  t h e r e  i s  a n  opt imum 
a c t u a t o r  t h i c k n e s s ,  t=4.2mm, a t  w h i c h  t h e  c o n t r o l  e n e r g y  
i n d e x  a s s u m e s  a minimum v a l u e .  
One s h o u l d  a l s o  p o i n t  o u t  h e r e  t h a t  u s i n g  t h e  
p i e z o a c t u a t o r s  r e s u l t s  in damping  o u t  c o m p l e t e l y  t h e  
v i b r a t i o n s  o f  t h e  beam when compared  t o  t h e  ca se  o f  t h e  
u n c o n t r o l l e d  beam a s  c a n  be seen f r o m  a c o m p a r i s o n  b e t w e e n  
F i g u r e s  ( 6 - a ) ,  (6-b), ( 6 - c )  a n d  ( 5 - a )  r e s p e c t i v e l y .  
I t  i s  i m p o r t a n t  t o  n o t e  h e r e  t h a t  b o n d i n g  t h e  d i f f e r e n t  
t h i c k n e s s  a c t u a t o r s  t o  t h e  beam i s  f o u n d  t o  r e s u l t  i n  
c h a n g i n g  t h e  n a t u r a l  modes  of v i b r a t i o n  of  t h e  beam 
s i g n i f i c a n t l y .  F o r  example, w i t h  a n  a c t u a t o r  t h i c k n e s s  e q u a l s  
to 1 / 4  t h e  beam t h i c k n e s s  t h e  f i r s t  n o r m a l  mode o c c u r s  a t  
67Hz b u t  when t h e  t h i c k n e s s  i s  i n c r e a s e d  t o  t h e  beam 
t h i c k n e s s ,  t h e  f i r s t  mode d e c r e a s e d  t o  55.3Hz. T h e r e f o r e ,  It  
is e s s e n t i a l  t o  c o n s i d e r  t h e  e f f e c t  of i n t r o d u c i n g  t h e  
a c t u a t o r s  on c h a n g i n g  t h e  e l a s t i c  a n d  i n e r t i a l  p r o p e r t i e s  of 
t h e  f l e x i b l e  s y s t e m  b e f o r e  d e s i g n i n g  t h e  a c t i v e  c o n t r o l  
s y s t e m .  
A l s o ,  i t  i s  e s s e n t i a l  t o  n o t e  t h a t  t h e  d e s i g n  of t h e  
a c t i v e  modal  c o n t r o l l e r  i s  c a r r i e d  o u t  w i t h  a w e i g h t i n g  
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f a c t o r  R=50 i n  o r d e r  t o  m a i n t a i n  t h e  c o n t r o l  f o r c e s  low 
e n o u g h  t o  a v o i d  d e p o l a r i z a t i o n  b u t  h i g h  e n o u g h  t o  c o n t r o l  
e f f e c t i v e l y  the beam s y s t e m .  D e t a i l e d  a c c o u n t  f o r  t h e  e f f e c t  
o f  t h e  w e i g h t i n g  f a c t o r  R o n  t h e  d y n a m i c s  of  t h e  beam s y s t e m  
w i l l  b e  g i v e n  l a t e r  on .  
(b) E f f e c t  o f  Number o f  A c t u a t o r s  
T h e  e f f e c t  of t h e  a c t u a t o r  t h i c k n e s s  s h o u l d  a l s o  b e  
c o n s i d e r e d  i n  v i e w  of t h e  number  of a c t u a t o r s  t o  b e  u s e d  i n  
c o n t r o l l i n g  t h e  v i b r a t i o n  of t h e  s t e e l  beam. F o r  e x a m p l e ,  
c o n s i d e r i n g  t h e  case o f  two a c t u a t o r s  t o  b e  u s e d  t o  c o n t r o l  
t h e  s i x  d e g r e e s  of f r e e d o m  of  t h e  beam. T h e  c o n s i d e r e d  two 
a c t u a t o r s  a r e  m a d e  o f  PZT of  t h e  same t h i c k n e s s  a n d  p l a c e d  a t  
e l e m e n t s  1 a n d  3. The  e f f e c t  o f  v a r y i n g  t h e  t h i c k n e s s  o f  t h e  
two a c t u a t o r s  f rom 1 / 4  t o  4 times t h e  beam t h i c k n e s s  on t h e  
v i b r a t i o n  of  t h e  beam i s  shown i n  F i g u r e s  (8-a) t h r o u g h  (8-c)  
r e s p e c t i v e l y .  T h e  c o r r e s p o n d i n g  c o n t r o l  v o l t a g e s  a r e  
d i s p l a y e d  in F i g u r e s  (9-a) t h r o u g h  (9-c). 
F i g u r e s  (8-a) ,  (8 -b )  a n d  (8-c) i n d i c a t e  t h a t  i n c r e a s i n g  
t h e  t h i c k n e s s  of  t h e  a c t u a t o r s  p r o d u c e d  f a v o r a b l e  damping  
c h a r a c t e r i s t i c s  as  i t  r e s u l t s  i n  r e d u c i n g  t h e  Eaximum 
a m p l i t u d e  of  t r a n s v e r s e  v i b r a t i o n  o f  t h e  beam. B u t  t h i s  i s  on 
t h e  e x p e n s e  of a s i g n i f i c a n t  i n c r e a s e  i n  t h e  r e q u i r e d  c o n t r o l  
v o l t a g e s .  F o r  e x a m p l e ,  i n c r e a s i n g  t h e  a c t u a t o r  t h i c k n e s s  f r o m  
1/4 t o  4 t i m e s  t h e  beam t h i c k n e s s  r e d u c e s  t h e  maximum 
a m p l i t u d e  of  v i b r a t i o n  f rom 2.05E-5m t o  1 .06E-5m w h e r e a s  i t  
a 
a 
a 
k 
a 
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i n c r e a s e s  t h e  maximum c o n t r o l  v o l t a g e  from 5 . 5 ~  t o  7 2 0 v .  
T h e r e f o r e ,  t h e  b e n e f i t s  g a i n e d  by t h e  r e d u c t i o n  I n  t h e  
a m p l i t u d e  of v i b r a t i o n  are  by f a r  less t h a n  t h e  d r a w b a c k s  
r e s u l t i n g  from e x c e s s i v e  c o n t r o l  v o l t a g e s .  A p r o p e r  b a l a n c e  
b e t w e e n  t h e s e  two  p a r a m e t e r s  i s  e s s e n t i a l  f o r  a n  o p t i m a l l y  
c o n t r o l l e d  s y s t e m .  S u c h  a b a l a n c e  c a n  b e  a t t a i n e d  by 
c o n s i d e r i n g  t h e  c o n t r o l  e n e r g y  i n d e x  UE l i s t e d  i n  T a b l e  ( 3 ) .  
T a b l e  (3 )  - E f f e c t  of a c t u a t o r  t h i c k n e s s  o n  t h e  d i s p l a c e m e n t ,  
c o n t r o l  f o r c e  a n d  c o n t r o l  e n e r g y  I n d i c e s  f o r  a 
s t e e l  c a n t i l e v e r  beam c o n t r o l l e d  w i t h  two  PZT 
a c t u a t o r s  a t  e l e m e n t s  1 a n d  3 
a 
T a b l e ( 3 )  s u g g e s t s  t h a t  u s i n g  two  a c t u a t o r s  e a c h  o f  a 
t h i c k n e s s  e q u a l  t o  t h a t  o f  t h e  o r i g i n a l  beam r e s u l t s  i n  
a 
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e 
m i n i m a l  c o n t r o l  e n e r g y  e x p e n d i t u r e .  
F u r t h e r m o r e ,  c o m p a r i n g  t h e  r e s u l t s  l i s t e d  i n  
T a b l e s ( 2 ) a n d ( 3 )  o n e  c o u l d  s e e  t h a t  i t  is more b e n e f i c i a l ,  
f r o r  t h e  d i s p l a c e m e n t  and  c o n t r o l  e n e r g y  i n d i c e s ,  t o  u s e  t h e  
t u o  c p t i m a l  a c t u a t o r s  t o  c o n t r o l  t h e  beam v i b r a t i o n  r a t h e r  
t h a n  u s i n g  j u s t  o n e  o p t i m a l  a c t u a t o r .  T h i s  is i n s p i t e  of t h e  
f a c t  t h e  t o t a l  w e i g h t  o f  t h e  t w o  o p t i m a l  a c t u a t o r s  i s  e q u a l  
t o  t h e  o p t i m a l  s i n g l e  a c t u a t o r .  
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T h e r e f o r e ,  f o r  a g i v e n  w e i g h t  of t h e  s t r u c t u r e  a n d  t h e  
p i e z o a c t u a t o r s ,  i t  i s  a d v a n t a g e o u s  t o  d i s t r i b u t e  t h e  
piezo-material over t h e  s t r u c t u r a l  element t o  m i n i m i z e  i t s  
v i b r a t i o n s .  
( c )  E f f e c t  o f  A c t u a t o r  L o c a t i o n  
e 
e 
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( i )  S i n g l e  Actuator  
F i g u r e s  (10-a), ( 1 0 - b )  a n d  (10-c) show t h e  t ime 
h i s t o r y  of t h e  a m p l i t u d e  of t r a n s v e r s e  v i b r a t i o n  o f  t h e  s t e e l  
beam when a PZT p i e z o - e l e c t r i c  a c t u a t o r ,  of a t h i c k n e s s  twice 
t h e  beam t h i c k n e s s ,  is p l a c e d  a t  e l e m e n t  1, 2 o r  3 
r e s p e c t i v e l y .  The c o r r e s p o n d i n g  c o n t r o l  v o l t a g e s  a r e  shown i n  
F i g u r e s  (11-a), (11 -b )  a n d  (11-c) f o r  t h e  c o n s i d e r e d  t h r e e  
p l a c e m e n t  s t r a t e g i e s  r e s p e c t i v e l y .  
T h e  a s s o c i a t e d  d i s p l a c e m e n t ,  c o n t r o l  f o r c e  a n d  c o n t r o l  
e n e r g y  i n d i c e s  a r e  l i s t e d  i n  T a b l e  (4). 
e 
e 
T a b l e  (4) - E f f e c t  of a c t u a t o r  l o c a t i o n  o n  t h e  d i s p l a c e m e n t ,  
c o n t r o l  f o r c e  a n d  c o n t r o l  e n e r g y  i n d i c e s  f o r  a 
s t e e l  c a n t i l e v e r  beam c o n t r o l l e d  w i t h  o n e  PZT 
a c t u a t o r  of t h i c k n e s s = 4 . 2 m m  
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It I s ,  t h e r e f o r e ,  o b v i o u s  t h a t  when a s i n g l e  a c t u a t o r  I s  
t o  be  u s e d  t o  c o n t r o l  t h e  v i b r a t i o n s  of t h e  C a n t i l e v e r  beam, 
t h a n  t h i s  a c t u a t o r  s h o u l d  b e  b o n d e d  t o  e l e m e n t  1 n e a r  t h e  
f i x e d  e n d  o f  t h e  beam. Such  a p l a c e m e n t  s t r a t e g y  i s  o p t i m a l ,  
f r o m  a l l  p o i n t s  of v i e w s ,  a s  i t  m i n i m i z e s  t h e  d i s p l a c e m e n t ,  
c o n t r o l  f o r c e  a n d  c o n t r o l  e n e r g y  i n d i c e s  a l l  a t  t h e  same 
t ime.  
(ii) Two A c t u a t o r s  
a 
a 
0 
a 
When t w o  PZT a c t u a t o r s  a r e  u s e d  t o  c o n t r o l  t h e  s t e e l  
c a n t i l e v e r  beam, t h e  d i s p l a c e m e n t ,  c o n t r o l  f o r c e  a n d  c o n t r o l  
e n e r g y  i n d i c e s  a r e  as l i s t e d  i n  T a b l e  ( 5 ) .  
T a b l e  ( 5 )  - E f f e c t  of a c t u a t o r  l o c a t i o n  o n  t h e  d i s p l a c e m e n t ,  
c o n t r o l  f o r c e  a n d  c o n t r o l  e n e r g y  i n d i c e s  f o r  a 
s t e e l  c a n t i l e v e r  beam c o n t r o l l e d  w i t h  two PZT 
a c t u a t o r s  o f  t h i c k n e s s = 4 . 2 m m  
A c t u a t o r  L o c a t i o n  
a T h e  o b t a i n e d  r e s u l t s  i n d i c a t e d  t h a t  i t  i s  p r e f e r a b l e  t o  
p l a c e  t h e  a c t u a t o r s  a t  e l e m e n t  1 a n d  3 i n  o r d e r  t o  o b t a i n  t h e  
minimum d i s p l a c e m e n t ,  c o n t r o l  f o r c e  a n d  c o n t r o l  e n e r g y  
0 i n d i c e s  . 
a 
( d )  E f f e c t  o f  W e l n h t l n R  F a c t o r  R 
a 
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(I) S i n g l e  Actuator 
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F i g u r e s  ( 1 2 - a ) ,  ( 1 2 - b )  a n d  ( 1 2 - c )  show t h e  time h i s t o r y  
o f  t h e  a m p l i t u d e  o f  t r a n s v e r s e  v i b r a t i o n  o f  t h e  s t e e l  
c a n t i l e v e r  beam, c o n t r o l l e d  by o n e  PZT a c t u a t o r  p l a c e d  a t  
e l e m e n t  1 ,  f o r  v a l u e s  of t h e  w e i g h t i n g  f a c t o r  R o f  1, 20 a n d  
35 r e s p e c t i v e l y .  T h e  a s s o c i a t e d  time h i s t o r i e s  of t h e  c o n t r o l  
v o l t a g e s  a r e  shown i n  F i g u r e s  (13-a), (13-b)  and (13-c) 
r e s p e c t i v e l y .  A s u m m a r y  of t h e  d i s p l a c e m e n t ,  c o n t r o l  f o r c e  
a n d  c o n t r o l  e n e r g y  i n d i c e s  i s  g i v e n  i s  T a b l e  6 f o r  v a l u e s  of 
t h e  w e i g h t i n g  f a c t o r  be tween  1 a n d  2 0 0 .  
T a b l e  ( 6 )  - E f f e c t  o f  t h e  w e i g h t i n g  f a c t o r  R on t h e  
d i s p l a c e m e n t ,  c o n t r o l  f o r c e  a n d  c o n t r o l  e n e r g y  
i n d i c e s  for a s t e e l  c a n t i l e v e r  beam c o n t r o l l e d  
w i t h  one PZT a c t u a t o r  of t h i ckness -4 .2mm p l a c e d  
a t  e l e m e n t  1 
a *  
0 
T h e  p r e s e n t e d  f i g u r e s  a n d  t h e  o b t a i n e d  r e s u l t s  i n d i c a t e  
t h a t  e m p h a s i z i n g  t h e  i m p o r t a n c e  o f  t h e  c o n t r o l  f o r c e  o v e r  t h e  
a m p l i t u d e  of v i b r a t i o n  by  i n c r e a s i n g  t h e  v a l u e  of t h e  
w e i g h t i n g  f a c t o r  R r e s u l t s  i n  l o w e r i n g  t h e  m a g n i t u d e  of t h e  
, 
e 
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c o n t r o l  f o r c e  a n d  s l o w i n g  a c c o r d i n g l y  t h e  p r o c e s s  o f  d a m p i n g  
o u t  t h e  s t r u c t u r a l  v i b r a t i o n s .  For e x a m p l e ,  p l a c i n g  e q u a l  
ve igh  o n  t h e  d i s p l a c e m e n t  a n d  c o n t r o l  force resu l t s  in 
maximum a m p l i t u d e  of d i s p l a c e m e n t  of 1.26E-5m, a s  s e e n  from 
F i g u r e  ( 1 2 - a ) ,  b u t  t h i s  wou ld  r e q u i r e  a maximuc c o n t r o l  
v o l t a g e  o f  236v .  I n c r e a s i n g  t h e  w e i g h t i n g  f a c t o r  R t o  35 
r e s u l t s  i n  a s l i g h t  i n c r e a s e  i n  t h e  maximum a m p l i t u d e  of 
v i b r a t i o n  t o  1.47E-5m b u t  t h i s  i s  a c c o m p a n i e d  w i t h  a 
c o n s i d e r a b l e  d r o p  i n  t h e  maximum c o n t r o l  v o l t a g e  t o  1 1 . 3 ~  a s  
c a n  b e  s e e n  from F i g u r e s  (12-c) a n d  (13-c) r e s p e c t i v e l y .  
A c c o r d i n g ,  i n c r e a s i n g  R ,  u p  t o  50, r e s u l t s  i n  s i g n i f i c a n t  
r e d u c t i o n  in t h e  c o n t r o l  v o l t a g e  w i t h o u t  p r o d u c i n g  s e r i o u s  
d e g r a d a t i o n  i n  t h e  damping  o u t  o f  t h e  beam v i b r a t i o n .  Beyond 
R-50, i t  i s  f o u n d  t h a t  v i b r a t i o n  d a m p i n g  p r o c e s s  i s  b e c o m i n g  
e x c e s s i v e l y  s l o u  t o  t h e  e x t e n t  t h a t  o v e r s h a d o w s  t h e  s a v i n g s  
i n  t 5 e  c o n t r o l  f o r c e  or t h e  c o n t r o l  e n e r g y  i n d i c e s .  
( i i)  Two A c t u a t o r s  
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When t w o  PZT p i e z o - e l e c t r i c  a c t u a t o r s  a r e  p l a c e d  a t  
e l e r t n t s  1 a n d  3 of  t h e  s t e e l  beam, t h e  r e s u l t i n g  t i m e  
h i s t o r y  of  t h e  a m p l i t u d e s  of t r a n s v e r s e  v i b r a t i o n s  a r e  shown 
i n  F i g u r e s  ( 1 4 - a )  a n d  (14-b)  for v a l u e s  of  t h e  w e i g h t i n g  
f a c t o r  R o f  1 a n d  20 r e s p e c t i v e l y .  F i g u r e s  (15-a) and  (15 -b )  
s h o v  t h e  c o r r e s p o n d i n g  c o n t r o l  v o l t a g e s .  
A summary o f  t h e  e f f e c t  of R o n  t h e  d i s p l a c e m e n t ,  
c o n t r o l  f o r c e  a n d  c o n t r o l  e n e r g y  i n d i c e s  a r e  g i v e n  i n  T a b l e  
e 
e 
0 
e 
e 
0 
0 
1 ionEd lr\ 
asc 
e 
1.KtQ 
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( 7 )  
0 
e 
Table (7)- Effect of the weighting factor It on the 
displacement, control force and control energy 
indices for a steel cantilever beam controlled by 
two PZT actuators of thickness=4.2mm placed at 
elements 1 and 3 
~~- 
Control Energy Index, x10 ti 29.520 2.253 1.4090 
0 
e 
Table ( 7 )  indicates that increasing R results in 
reducing the control force and the control energy but at the 
same time produces higher values of the displacement index. 
Again, as mentioned before, using two actuators is seen to be 
more effective in damping out the beam vibrations. 
(e) Effect of Beam Material 
e 
The effect of changing the material of the cantilever 
beam, under consideration, from steel to aluminuL on the 
resulting amplitudes of transverse vibrations and the voltage 
required to control it with one PZT actuator is shown in 
Figures (16-a)  and (16-b) respectively. The actuztor has a 
thickness of 4.2mm and is placed at element 1. The controller 
is designed with a weighting factor R=50. For this case, the 
displacement, control force and control energy indices are 
computed to be 10.4E-9, 19.85E-9 and 0.928E-6 respectively as 
e 
e 
a 
e 
b.311191 i 
a 
a 
0 
I I 
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e 
compared to 1.19E-9, 10.34E-9 and 0.307E-6 for the case of 
the steel beam. Therefore, it is evident that the selected 
PZT actuator is more effective in damping out the vibration 
of the steel beam than the aluminum beam. 
e 
(f) Effect of Actuator Material 
e 
e 
e 
e 
e 
e 
a 
The effect of using a Kynar polymeric actuator, instead 
of PZT actuator, o n  the amplitudes of vibration and the 
voltage required to control the vibration of the aluminum 
cantilever beam is show in Figures (17-a) and (17-b) 
respectively. The Kynar actuator is assumed to have a 
thickness of 4.2mm and be placed at element 1. 
A comparison between Figures (16-a) and (17-b) indicates 
that the maximum amplitude of vibration has increased from 
4.36E-5m to 4.88E-5m when the material of the piezo-actuator 
is changed fror. PZT to Kynar. This amplitude increase is 
about 11.9%. But, the required maximum control voltage is 
founr! to increase f rom 63.1 to 141 volts respectively. This 
amouLts to an increase of 123.4%. Therefore, from both the 
displacement and control voltage, it is preferable f o r  the 
arrangement under consideration to use PZT actuators. 
A detailed analysis of the obtained results indicate 
that the displacement, control force and control energy 
indices are 15.28E-9, 5.86E-9 and 0.964E-6 respectively. 
e 
e 
e 
e 
F 
s -1m-e 
L 4.m-85 
&mc 
e 
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11. R e s p o n s e  t o  S i n u s o i d a l  L o a d i n g  
a 
0 
a 
a 
a 
a 
The s t e e l  c a n t i l e v e r  beam, which i s  c o n t r o l l e d  b y  one 
PZT a c t u a t o r  of t h i c k n e s s  4.2am p l a c e d  a t  e l e m e n t  1, I s  
s u b j e c t e d  t o  e x t e r n a l  s i n u s o i d a l  t r a n s v e r s e  f o r c e  a c t i n g  a t  
n o d e  4. The  a p p l i e d  f o r c e  h a s  a m a g n i t u d e  of 0.1N a n d  
f r e q u e n c y  r a n g i n g  f r o m  15Hz t o  1000Hz. 
F i g u r e s  (18-a), (18-b) a n d  (18-c) show a c o m p a r i s o n  
b e t w e e n  t h e  time h i s t o r i e s  o f  t h e  a m p l i t u d e s  of v i b r a t i o n  of 
t h e  c o n t r o l l e d  a n d  u n c o n t r o l l e d  beam a t  f r e q u e n c i e s  of  100, 
900 a n d  3100 r a d / s e c  r e s p e c t i v e l y .  
From t h e s e  f i g u r e s ,  i t  c a n  be s e e n  t h a t  t h e  
p i e z o a c t u a t o r  i s  c a p a b l e  o f  a t t e n u a t i n g  t h e  r e s p o n s e  of  t h e  
b e a n  t o  t h e  s i n u s o i d a l  e x c i t a t i o n  t h r o u g h o u t  t h e  c o n s i d e r e d  
r a n g e  of f r e q u e n c y .  The  a t t e n u a t i o n  i s  h o w e v e r  more 
s i g n i f i c a n t  a t  h i g h  f r e q u e n c y  t h a n  a t  l o w e r  f r e q u e n c i e s .  
A summary o f  t h e  e f f e c t  o f  t h e  e x c i t a t i o n  f r e q u e n c y  o n  
t h e  r a t i o  o f  t h e  a m p l i t u d e s  o f  v i b r a t i o n  o f  t h e  c o n t r o l l e d  
bearr t o  t h o s e  o f  t h e  u n c o n t r o l l e d  beam, i n  d e c i b e l s ,  i s  shown 
i n  F i g u r e  (19) .  F i g u r e  (19-a) d i s p l a y s  t h e  l i n e a r  a m p l i t u d e  
r a t i o s  a n d  F i g u r e  ( 1 9 - b )  s h o w s  t h e  a n g u l a r  a m p l i t u d e  r a t i o s  
f o r  t h e  d i f f e r e n t  n o d e s .  
B. V i b r a t i o n  o f  Overhung  Beam 
a 
a 
a 
e 
a 
a 
a 
2A7E-6 
t 
a 
a 
e 
a 
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a 
e 
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e 
a 
a 
e 
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betwoan t h  u;litu~oa of .01ukr 6. f lat im of tbe 
(19-b) - Eff.et of ucltatim frrqu.ncy on tb. n t i o  
- t a d  tbe cootrcl1.d .tnl ku. 
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The three element steel beam, under consideration, I s  
f i x e d  at node 1 and is restrained from linear transverse 
motion at node 3. Such configuration is considered as an 
example to-illustrate the effect that the end conditions of a 
flexible structural element have on its vibration control 
characteristices. 
The effectiveness of the control strategy will be 
compared to the time history of the amplitudes of vibration 
of the uncontrolled beam which are shown in Figure (20). 
The considered overhung beam is assumed to be controlled 
by two PZT actuators each has a thickness of 4.2mm. The 
effect of placing the two actuators at elements 1 and 2, 1 
and 3 or 2 and 3 on the time history of the amplitudes of 
transverse vibration is shown in Figures (21-a), (21-b) and 
(21-c) respectively when the beam is subjected to an impulse 
of 0.1N for a duration of l m s  at node 4. The corresponding 
control voltages are shown in Figures (22-a), (22-b) and 
(22-c) respectively. 
The associated displacement, control force and control 
energy indices are listed in T a b l e  (8). 
e 
e 
Y 
e 
e 
0 
TIME - setl 
e 
pigure (20) - Time h l~ tory  of the amplitudes of tnnsverse 
vibration of an moontrolled overhung steel beam when 8ubJected 
t o  transverse impulsive loading. 
e 
a 
e 
e 
e 
e 
e 
0 
e 
0 
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a 
a 
e 
e 
Table (8) - Effect of placement strategy of t w o  PZT actaators 
of thickness-4.2am on the displacement, control 
force and control energy Indices of an  overhung 
rteel beam 
The results listed in Table 8 suggest that placing the 
actuators at elements 2 and 3 results in minimizing the 
c o n t r o l  force  and control energy indices simultaneously. 
e 
a 
0 
e 
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C o n c l u s i o n s  
0 
This s t u d y  h a s  p r e s e n t e d  a c o m p r e h e n s i v e  a n a l y s i s  of t h e  
c o n t r o l  of v i b r a t i o n  o f  s i m p l e  s t r u c t u r a l  e l e m e n t s  u s i n g  
p i e z o - e l e c t r i c  a c t u a t o r s .  T h e  d e v e l o p e d  v i b r a t i o n  c o n t r o l  
a l g o r i t h m  i s  b a s e d  o n  a M o d i f i e d  I n d e p e n d e n t  Modal  S p a c e  
C o n t r o l  (HIMSC) m e t h o d  w h i c h  a c c o u n t s  f o r  t h e  i n t e r a c t i o n  
b e t w e e n  t h e  c o n t r o l l e d  a n d  u n c o n t r o l l e d  modes ,  o p t i m a l  
p l a c e m e n t  of t h e  a c t u a t o r s  as  v e l 1  as time s h a r i n g  of few 
a c t u a t o r s  b e t w e e n  t h e  modes of  t h e  s t r u c t u r e .  The  m e t h o d  i s  
f o u n d  t o  b e  e x t r e m e l y  e f f e c t i v e  i n  c o n t r o l l i n g  a l l  t h e  modes  
of v i b r a t i o n  of s i m p l e  s t r u c t u r a l  e l e m e n t s  w i t h  v e r y  sma l l  
n u m b e r s  o f  a c t u a t o r s .  
T h e  MIMSC is d e v e l o p e d  t o  a c c o u n t  a l s o  f o r  t h e  e f f e c t s  
t h a t  t h e  p i e z o - e l e c t r i c - b a s e d  a c t i v e  c o n t r o l  s y s t e m  i t  i s  
e s s e n t i a l  t o  d e t e r m i n e  t h e  o p t i m a l  a c t u a t o r  g e o m e t r y ,  c o n t r o l  
v o l t a g e  a n d  l o c a t i o n  f o r  a p a r t i c u l a r  l o a d i n g  a n d  e n d  
c o n d i t i o n s .  It vas  c o n c l u d e d  t h a t  t h e r e  I s  a n  o p t i m a l  
a c t u a t o r  t h i c k n e s s  o f  w h i c h  t h e  d i s p l a c e m e n t ,  c o n t r o l  f o r c e  
a n d  c o n t r o l  e n e r g y  can b e  m i n i m i z e d .  T h i n  a c t u a t o r s  a r e  
i n e f f e c t i v e  i n  d a m p i n g  o u t  t h e  v i b r a t i o n  w h e r e a s  t h i c k  
a c t u a t o r s  w o u l d  r e q u i r e  much h i g h e r  c o n t r o l  v o l t a g e s .  
I t  i s  o b s e r v e d  a l s o  t h a t  s p r e a d i n g  t h e  p i e z o - e l e c t r i c  
m a t e r i a l  o v e r  t h e  s t r u c t u r a l  e l e m e n t  r e s u l t s  i n  l o w e r i n g  t h e  
a m p l i t u d e  of v i b r a t i o n  c o n s i d e r a b l y .  F u r t h e r m o r e ,  t h e  s t u d y  
i n d i c a t e d  a l s o  t h e  i m p o r t a n c e  of s e l e c t i n g  t h e  p r o p e r  
e -61- 
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w e i g h t i n g  f a c t o r  b e t w e e n  t h e  d a m p i n g  of v i b r a t i o n  a n d  t h e  
e x p e n d i t u r e  of c o n t r o l  e n e r g y .  
U s i n g  ceramic PZT a c t u a t o r  is s e e n  t o  b e  more e f f e c t i v e  
t h a n  K y n a r  a c t u a t o r s  i n  c o n t r o l l i n g  t h e  v i b r a t i o n s  of  t h e  
c o n s i d e r e d  s i m p l e  s t r u c t u r a l  e l e m e n t s  w i t h o u t  r e q u i r i n g  
e x c e s s i v e l y  h i g h  c o n t r o l  v o l t a g e s .  
T h e  s t u d y  h a s  d e m o n s t r a t e d  a l s o  t h e  e f f e c t i v e n e s s  of t h e  
d e v e l o p e d  MIMSC method i n  c o n t r o l l i n g  t h e  v i b r a t i o n  of 
f l e x i b l e  b e a m s  made of d i f f e r e n t  mater ia ls  and  s u b j e c t e d  t o  
d i f f e r e n t  t y p e s  o f  end  c o n s t r a i n t s .  
T h e  p r e s e n t e d  r e su l t s  e m p h a s i z e  t h e  i m p o r t a n c e  of t h e  
MIMSC method i n  d e s i g n i n g  more  r e a l i s t i c  a c t i v e  c o n t r o l  
s y s t e ~ s  f o r  f l e x i b l e  beam i n  p a r t i c u l a r  and  l a r g e  f l e x i b l e  
s t r u c t u r e s  i n  g e n e r a l .  
T h e  e x t e n s i o n  of  t h e  d e v e l o p e d  a l g o r i t h m  t o  l a rge  
s t r u c t u r e s  c a n  b e  r e a d i l y  d o n e  w i t h o u t  a n y  m o d i f i c a t i o n s .  
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